
Integration
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INTEGRATION OF RATIONAL FUNCTIONS
come up with

as many methods as possible to find antiderivatives .

AIM find a general method to calculate g pix)
- polynomials

polynomials

REMINDER 5¥, d x = are tan Cx ) t C

Let u
-
- Fa

⇒ lsf.I.no/i='TaarotanCE#
You do not need to prove this

IMPORTANT SPECIAL CASES

① f.ca#tbgidx ② JBL .
ox

( x 't K2)
'

Let V= ant b Let u
-

-
at K
'

(we know the du will cancel

Ita g u

- I do the Bx)

f B

Power function 2- f v
- J du

1
Power function

③ I dx

In Prew lecture, he
used I. B. P .

to first integrate

1¥ , 4¥, a¥ox -

red tio
we know this is a rotanG)

Very complicated case
.



HANDOUT PRACTICE

① f ×¥+s DX =fc¥¥,

d '

Let us @ T l ) do = l dx dx = I du -

f#¢ du Iza ratan C# t C

= ta
STRATEGY Reduce all national integrals to polynomials

or these three cases .

There is an important extra
class of rational

functions that can help us .

PARTIAL FRACTIONS
r Cx) Properties

Ei ① Degree of rcx)
is less than degree of

p CX) knot LPLXDJ , but p itself)

② p Cx ) is
irreducible ( cannot be

factored into lower degree
polynomials)

Examples of irreducible factions : 2×+1
,
x
- txt I

[ be -49050 )



FACT p ( x ) irreducible yer
linear pcxkaxtb

unbreakable
in the world of polynomials, quadratic
the equivalent of prime numbers

must be either of these cases .

PGH a# bxtc
,

b2 - 49cL 0

This means that partial fractions must be either of

these forms
-

. CB could be O )
A Bx t C
- OR
-

( axt b) J ( axztbxt c) J

where b?-Gao LO

HANDON PRACTICE

② Not partial fractions
Ca ) ( b)

Partial
Cc )

3

(a) 2×41
Cb ) 3 -
-
- a

( 3×-1 2)
3

X
?
- I ( x -1744×-11)

( c )# 4

CM-1×+1 )

OBSERVATION
Bat c if we are smart .For -

- l

( ax2tbxtc))

can complete the square to turn it to

Dxe E

kyj
-

-

c stuffy;
(case 2) Cease 3)



CONCLUSION we can always integrate
partial fractions

FACT Every rational function can be

expressed as a sum of polynomial
-

and partial fractions
-

'

EXAMPLE x St 3 x
"
t 7×3 -112×2+8×-15
-

ya t 2×3 t 242 t 2x t )

STEPS
-

① Do long division .

You get

[ at l ) t
3×3 t 8×2-15×+4×4
t 2×3 t 2×2-12×-1 I

② Factor the base into irreducible

pieces to get

( Atl ) +
3×3 t 8×2 t 5×-1 g
-

( at 132 CX't l )
-
-

The structure of irreducibles tell you the type of

partial fraction CD
that appear .

③ Split them up .
Polys go up to highest power .

X '

I 2 2x -11( xtl ) +

Itt ¥2
"

¥3



RECALL Overview of PFD and rational
integration :

iyynomial ✓ deg 44521£,
Pa, -- S Cx ) TRI

-Fa . EYES
n g Cx)
/ f \ (bz- Clack O)

Long A BNCdivision
- -

Cit deg T ( axt b)
J (axrtbxt c)

J

In a test > deg D ccomspglefearethe
- I ↳ v -sub)
Not all of this together . E
Maybe : a) Just parts of it D= +

-

b) Describe in words ( vztkyj ( u4k7J
Long division will not be asked in a test !)C-

\ x3+2×+1(Example --
42-1) Ht 1544233

① Factor base into irreducible

X3t2
( x-1744134×4233

② Get three partial fractions types :

A B
C D

- t t ft t ¥3Ext )

Ext F GNH 1×+1
+ ¥27

+ ¥5
"

Ep



③ Find the coefficients by combining

the RHS ( A .
.

.
J part )

and set the

numerator equal to X 3-12×-1 I
.

( it would be 10 equations
and 10

unknowns .

Will never come
out in

the exam ! )

HANDON PRACTICE

① Find partial fraction decomposition for 3¥

2. A B

7×2
-

- E t Fa

ALI - x ) t B Clt x) A - Axt Bt
Bx

=
-

-
-

-

( It x ) (
I - x ) ( H x ) Cl

-D

2. = At B A = I ,
B -- I

0=-11--113-+2
a- 2A

i
.
I → 1-
( H x) ( t - x)

② Integrate

In l HN - In l l - x I



STEP BY STEP ( Dls)
J

'

Pgffyt, DX ,
where pcxi , ah , are polynomials -

① If degree
of PC x ) 7- degree of act) , do long division

② Fully factor the denominator

③ write the terms
of the partial fraction decomposition

factor in denom terms

(axt#*¥cat¥ba¥¥¥
Caxzthxtc )

"

ftp.#t---tYaII..,n

④ Clear denom

⑤ Match coefficients
.

Solve
.



INTEGRATION OF TRIGONOMETRIC IDENTITIES

AIM calculate J sin ax costs x dx where

a, bare integers

STRATEGY Using simple trig identities ,
make appropriate substitutions

to get rational integrals .

HINDU PRACTICE

g-
odd Why does this

③ / sins Cx ) cosy x ) da
work ?

Let u
-

- cos Cx)
Oct - sin G) DX

de de
-
sthcx)

- f sin " G) u - du -

- ft - utu
-ou

=
-f v
'
- 2v9 -tub du

=
- Tzu 3+25 Us - tu 't e

CONCLUSION ① If a odd ,
choose a- cos Cx )

② If b odd , choose a- sincx)

works best if odd
factor

is positive

③ If both even , special case



TRIGONOMETRIC INTEGRALS (continued)
RECALL f sin al x) cos b

( x)

Both÷:i÷%¥÷:: ÷

'k 7f Ci - vyku " du Sua ( t -UI du
-Catb -

even
^ MIT -

T l
pest
-Cath> 0

Best if a > 0
Best if b > O a- fancy,

-

M O
fsin - Cx ) cos

- '
Cx ) DX

DIRTY TRICK Convert to tan and see (tan %, sedgy)

sink ) cos
- '
Cx ) =

sions.CI?-=sihosYff,-.#;jtan2cxi.sec4cxsftan2Lx7.sec4Cx) DX

GENERAL CASE sin
- Cx ) cos

b Cx ) = tan
- Cx ) sec

-lat b)
×

Let u
-

-
tan Cx ) ⇒ u

-
- seat, DX

Must be even

-

= f tan 2K ) search dx i S tan 2K) ( It tanka) du
-

= f uz ( Itv2 )
do -

- I v 3
t gt v 't C://ztan3CD-tztanscxj.cc#



SLIGHT ALTERNATIVE TO ③ : Scotch DX = Jsinocx ) cos -ca ox
= f th ( H wsC2xDdx

TRIGONOMETRIC INVERSE SUBSTITUTION

K- world
- -0 - world Usually , E-guy

f f Cx ) DX In inverse ,

- Sf ( x ) h ' (f) DO x -

- hlf)
DX

= Jf ( hlf)) h 't f) Of Tf
-

- h ' ( 0-7

= f- ( h# t C da h' CADA

where ft -
- F

-

- F ( x ) t C

-

Solved in f world

HANDOUT PRACTICE

① Convert , by inverse substitution ,

1×3 ( Pdx

to a trigonometric integral

X= Sec Ct ) f a. (ftp.seccottanl#dOdx=secCottanOE)dO=fX3.(sef-1)3-seeLAtanCAd0--
1×3 . (F)

3
-

sec (E) takada

-

- I see# Ian '#
- secco) tanto#

-

- f Secta tanto)
do



② Integrate it

Let u -- tan Ct) f see " Ca) tan
" Cf) -de

Secta

du Secr Cf )dody
. J sector) - tan 4ft) du

00 ' seat

= gun CHUM du

= f- us -1 } v't C

-

- gtctansco)) t f- (tanto)) -1C

③ Return to x
'

.

X -
-
secco) ⇒ cos Cf ) -- I

If
i
.

tan co) : TE,

= Is It ICED
't C



STRATEGIES OF INTEGRATION
Coreteohniaue

si
Reduce every problem to power, exponential or trigonometric functions
using sum rule

,
constant multiple rule , substitution or integration

by parts

Important Special classes
-

Rational Integrals ) Patty, DX , where PG ) and a Cx) are polynomials

break them into easier- to -deal with partial functions

Trigonometric Integrals f Sina (x) cosby) ) There is a way to turn

this into above

Use substitution
, or change into StanaCx) see - atbcx ) dx

] There is a way to turn

Certain Algebraic Integrals J x. ( Fg go d×
this into above

f Xo (f, yd dy
'
where c and d ane integers ,

and d is odd

Use inverse trig substitution otspectalidentities

Special Identities
-

Sin
'

(f) t cos 2 (f) = I ⇒ '

= @ cos 0-5

I t tan (f) = see Lf ) ⇒ = (r see 0-22

ME ⇒ Let x= r sino
-

Same form

TF ⇒ Let a r tant
-

F ⇒ Let x -- r sect

( r tan f)
2

= ( r sect ) ' - r '
-



FACTS Don 't use this as a given fact

fxc ( frfr )dd× ×=*, I rctdt ' sin clay cos
d" Cf) of

f x ' ( ME )d DX ' Jrctot
'
tan
' (f) Seco" (f)

dogXo( Err )d DX g retd
"

+and -11 (a) sea
" '

CA DA

HANDOUT PRACTICE

① § dx ⇒ Let ×= tan CE) d×= see
' CO ) do

da
#

secret )

I¥+a%, ox = I - secret do

= f secco) do

b) f secCA(sec(0)ttando⇒ Let u= sector
-' tanto)

Secta) t tan (f) do. secco tan Cott

Seeff ) of

= J Seeff)
- X

.

du

d secco-fctaI.se#D
-

y Seeff) U

-

- Jul du s In 14 t C -

- In I see Colt tan (O) ) t C

secco) =T #tan'Cat I f secco ) of =

= It OR f sirico) cos
- ' ( Adt

⇒ In ) Ft t x I t C Let u
-

- sin CE )I owe
cos Cf)

= f du -- I do



APPROXIMATE INTEGRATION

In certain cases , we may not have a traditional " function " to

work with .

What if we only have a table of data ? e.g .

,

To find displacement & rot) at

✓
Riemann Svm

RECALL If ox ⇒ a limit finds Sn
"

Sn = f- (X ,

'" ) 0×-1 f- ( Xz
"

) 0kt - -

it f- ( Xn
"

) ox

-

= is
,

f- ( Xi
"

) DX bye

what is DX?
y
-
- flex )

/ExampI ( n -- 4 ) #
-

-
a

b

Divide into 4 equal sub - integrals

i
a X , Xz ¥3 ¥

,Xo

Look at height of each rectangle
- Select arbitrary

*

point for

y
-
- f- ( x )

height -

ftp.?f.7.TlaxTFEib
Xy

Xo

-

ok



Sn = f- ( X ,

'"

) txt f- ( x
"

) 0kt .
.

t f- ( xn ) ox
-

Area of 1st

rectangle

The bigger
then

,
the more accurate our prediction .

Exam ( Basic) ×i¥ ;

( the i-th sub integral )

Left endpoint : Xi
'"

-
- Xi - in

Right endpoint : Xi
't
-
- Xi

-

- Sn

where is at
kn -

- Sn
Midpoint : Xi " -

- Ti -

- Iz Lxi - it x ; )

7
HANDOUT PRACTICE Mn -

- Sn

Lia ⇒ ox -- = I

= 1+2-14+3 -1 ST 4-12+0 - l - I tot It It 2--23

144 = 2+4+3-1 ST 4-12+0
- l - I toy 1+1+2+3=25

My ⇒ Ox = 22

What properties of the graph influence these observations ?
underestimate

OBSERVATION collection of rectangles

#y¢ for strictly increasing f . Ln to,yd×

Rn > ja f- Cx) DX
If decreasing t. Ln > I fcxsdx

Rns jafcxsdx

zt 4+3-1 ST 4-12+0
- l - I tot 1+1+2



I

b) Is the Rico approximation for ! fcxsdx an over or under

approximation ?

Under
.

Midpoint
#

tangent line

'

i'
'

ie::
"

:c ::p:c:::

There are other kinds of approximations : one is

trapezoidal approximation
-

h= 4

I10000 :: : :: ::*:c::: ::* .
#

a H Xz Xz b t Iz ( f- (Xn - i ) t f Ha )) Ox
% × "

ynelzoffcxiltzflxzH.e.t2flxn-D.tk
Is this an over or under approximation ?

⑦"tr
. .

.
: ÷

.

concave up concave down
2Yf%Ygtoirente4snhe



That means the midpoint approximation is a very specific
kind of trapezoidal approximation

-00 ::c:: ::: :::
"

::::.
concave up concave down

HANDOUT PRACTICE

Is Mzozo an over or
underestimate for % cos G) t Rdx

d
=

- sin (x ) t 2x

%÷= - cos Cx ) t 2
(t) .

Going down -

⑦ underestimate to

c. u .

[2/10] ⇒ Mzozo L J cos G) t X2d×

(t at both 2 ,
10 , e# point in between)

SIMPSON 'S APPROXIMATION

Exude

hx.

I 1 ! ;
I t i l

l '

,
i t I

a a
'
b b ' c

Instead of drawing straight lines , we use the simplest form

of curved line - a parabola .

With parabolas , we need 3 distinct points to uniquely
determine them .



Formula :

Sn =L Area under
1st parabola )

t . . .

t ( Area under

Kth parabola)
For n -- 2K

Sn = Iz ft ( Xo ) t 4 f- ( X , ) t Ztcxz ) t 4 tcxz )DX

aye af ( Xn ))t
. . .

t 4 f- ( xn

ERRORS

£
Mn

= a/b f- ( x ) d × - mm
✓ nthepnnond Point

Every approximation has an error .

Three cases ?

E = I f- Cx ) DX - Mn
Mn

a

E = I f- Cx ) DX - Tn
Tn a

Es
,

= I f- Cx ) DX - su
a

what we want
is some control over the size of

the error ?



DEEP FACT If your graph is a straight line ,
Yan error in approx - is zero .

If sth .
is straight ,

its derivative

is zero .

The midpointerrord is thus

tightly bounded by the 2nd derivative

of a curve .

I f
' ' Lx , I t k

k

I f
k

Ck encloses f
" CX) )

⇒ IE ma f s kCb
24 n

2

Trapezoidal
-

⇒ IE ,
n f s kCb

12h
Z

Simpsons - makes no sense to use

f- ' 'GI . If f-Cx ) is quadratic,

we expect O error .

⇒ I f-
"

( n ) I s k ⇒ Es
n

s kCb
180 n

4



IMPROPER INTEGRALS

let's talk about infinity .

Our intuition for

infinity often leads us to make incorrect

assumptions about concepts related
to it .

There easts shapes with a finite area,

but an

"

infinite perimeter .

How ?

Mandelbrot set
-

It is a fractal Most
-

certainly has a finite

area , but
the edges

contribute to an infinite

length .

Q can he find such a shape using calculus ?

Iexawiplel What is the area under 7=47 over [ I , as ]
Because as is not a definite

number
, we cannot apply He

FTC like w/ definite integrals .
I as



STRATEGY § ox ⇒ As t increases , area

becomes closer toll¥ s:*. .

I +

Area = tiny.
Area

t

we're bootstrapping up to
as

= ¥7
.
! # ox -

- tire.
- txt

.

= tiffs l - I = I (as I app - O )

DEFINITION Type 1 Improper Integral

as
t

A, J f- Cx ) DX = tiffs ffcxydx - convergent
a

a

if limit

b

fcx) DX e l im
b ✓ exists .

Bl f +→ • f tend × Divergent
it not

.

- as t

y §
,

fCNd×= [ FCN ox t § fix ) ox
\

are both convergent
is convergent only if
( /



HANDOUT PRACTICE

① a Is 5
,

# da convergent or divergent ?

'II. tox = life.
In 1×1 I ? = tin. In It 1

I and ¥2 are very Inl
A l

⇒ Divergentdifferent .

b v (x ) " #%, X > I 2nd object .

ahead of it
,
static

will they collide
?

No . Divergent .

As long as t is large enough ,
object can travel oven

any distance up
to as

.

c ' Is it the same for rcx ) -

- ¥?

No . ¥ is convergent .

Object cannot travel more than Im over any

interval of time .

→( Example
- 7
what is the area under y

-

-¥ under [ 0 , I]

"Eira ."÷÷: .me

.

o¥¥i



RECALL We discussed the comparison theorem ,

which

allows us to get the convergence or divergence

of an improper integral ' by comparing it to a

known , proper integral .

If O f g Cx ) E
f- CX ) on ( O ,

as) then

t""
E ! gcxydx divergent ⇒ % fcxldx divergent|#¥#F¥ egg t * convergent ⇒ I gcxidx convergent

Area E Area %)

Good to know Improper Integrals-

t ! Ip dx =
core p > I

P
'
-

I

21
"

f Ip DX = Convy p s
t

div p 3 I

Y % IT. DX = come b > I

|ExampleI

[ sincxs o ,

ooo
"t

can 't integrate $h .
Must do

comparison test .| very vague, um, µ, case q .

µ ,,

bound it by something above , by



something convergent .

Jtxz may fail , as
sink It x

' is generally

O S sink It 2 S3 larger than it .
However

,
S Azz is still

i÷÷÷÷÷÷÷:/ :::c::inverse. . .. .

' tis.
- El ! -- 3-7=3

%¥zdxooI⇒%ney÷, state this
.

±HANDOUT PRACTICE

Is do sec dx convergent or divergent ?

O E cos Cx ) E I ⇒ O S l s see Cx)

⇒ o E t s seek,
o ' "

to tox -
- fishy It ox -

- limo ..
In lxll ! -

- film. - in Ht = as

I txdx did ⇒ I se ox divergent


